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Abstract. We study the Ricci curvature of a Riemannian metric as a differential
operator acting on the space of metrics close (in a weighted functional spaces
topology) to the standard metric of a rank-one noncompact symmetric space.
We prove that any symmetric bilinear field close enough to the standard may be
realized as the Ricci curvature of a unique close metric if its decay rate at infinity
(its weight) belongs to some precisely known interval. We also study what happens
if the decay rate is too small or too large.

Non compact rank one symmetric spaces stand as very important model spaces
in the realm of Riemannian non compact manifolds. Their high degree of symmetry
endows them with many interesting features. In this short note, we shall be con-
cerned with some global aspects of the Ricci curvature of a Riemannian manifold,
seen as a partial differential equation in the space of all metrics on the manifold and
especially in a neighbourhood of the symmetric metrics.

In a previous work [6], the first author showed that Ricci curvature could be pre-
scribed arbitrarily in a neighbourhood of the standard metric of the real hyperbolic
space in a topology given by some weighted functional spaces on the manifold if the
dimension n ≥ 10. In other words, he obtains that every field of bilinear forms, close
enough to the appropriate multiple of the standard metric, may be seen as the Ricci
curvature of a close metric with the same structure at infinity as the model space.

The goal of the present note is to put these results in a general setting which is
adequate for any non compact rank one symmetric space, using techniques recently
developed by O. Biquard [3]. More precisely, we show that Ricci curvature can be
prescribed in a neighbourhood of the standard metric of any of the spaces RHn

(n ≥ 10), CHm (m ≥ 5), HHp (p ≥ 2) and the Cayley hyperbolic plane OH2 in
topologies given by the weighted functional spaces. Even in the real case already
treated in [6], the methods used in the present paper allow us to improve the interval
of weights where the equation can be solved.

The question is still open for higher rank symmetric spaces where we are still
lacking of a good analytical setting for weighted spaces in which one could properly
state the problem. For non compact rank one symmetric spaces, there is a special
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feature (namely, the transitive action of the isotropy group of a point on the tangent
bundle’s unit sphere) which makes the weighted functional spaces approach adequate
and the analysis easily tractable. The development of an analytical machinery of
weighted spaces for the non isotropic cases (e.g. higher rank) would certainly be a
important tool in the understanding of the geometry of symmetric spaces.
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1. Notations and preliminaries

1.1. Some notations. We shall consider hereafter a noncompact manifold M dif-
feomeorphic to Rn and endowed with different Riemannian metrics: g0 will always
denote the socalled standard symmetric metric, i.e. the real, complex, quaternionic
or octonionic hyperbolic metric, depending whether the base field K is R, C (here the
real dimension is n = 2m), H (n = 4p) or O (n = 16) whereas g is any Riemannian
metric on M . Their covariant (Levi-Civita) derivatives are denoted by the symbol
∇ and the Riemann, Ricci and scalar curvatures of a given metric g will always be
denoted by Riemg, Ricg and Scalg (the superscript being sometimes suppressed if
there is no possible confusion). We let div denote the divergence − tr∇, and its
formal adjoint div∗, defined on a field of covectors α by

(div∗ α) (X,Y ) =
1

2
(∇Xα(Y ) +∇Y α(X)) .

The (rough) Laplacian operator on functions or tensors is then ∆g = div∇. Last, a
crucial ingredient in our study is the action of the Riemann curvature on symmetric
tensor fields given by

◦
R : S2T ∗M −→ S2T ∗M, h 7−→

◦
R(h)ij = Riemisjt h

st.

To end this section, we want to stress the fact that we are using the notation C to
denote any positive constant whose value is irrelevant to our concerns and may then
vary from line to line.

1.2. Rank-one symmetric spaces and analysis. Our main concern is the study
of non compact rank one symmetric spaces M = G/H, i.e. the following list of
Riemannian homogeneous manifolds:

RHn = SO0(n, 1)/SO(n); CHm = SU(m, 1)/U(m);

HHp = Sp(p, 1)/Sp(p) · Sp(1); OH2 = F−20
4 /Spin(9).

(1.1)

Any such space is endowed with the canonical fibration G −→ G/H. Let now
g = h⊕m be the symmetric decomposition of the Lie algebra of G. If we choose to



RICCI CURVATURE AND SYMMETRIC SPACES 3

identify g with left-invariant vector fields on G, the canonical fibration is endowed
with a preferred H-equivariant connection which induces the Levi Civita connection
and whose horizontal spaces are given by m. The tangent space of G/H may be
identified to the homogeneous bundle

G×Ad|H m −→ G/H.

The standard metric (curvature between −1 and −4) will always be denoted by g0.
It is related to the Killing form BG (restricted to m) of the group G by

g0 =
1

2u
BG, with u = n− 1, n + 2, n + 8 or 36,

whenever K is the field of reals, complexes, quaternions or octonions. It is an
Einstein metric with Ricci curvature Ricg0 = −u g0 [11].

We shall do analysis on the symmetric spaces using weighted Hölder spaces of
functions or sections of vector bundles:

Ck,α
δ = {a ∈ Ck,α

loc , eδsa ∈ Ck,α}
where s stands for the geodesic distance from a fixed basepoint and H∞ is half the
asymptotic volume growth of geodesic spheres in the symmetric space, i.e.

vol(Ss) ∼ e2H∞s, with H∞ = 1/2(n− dim K) + dim K− 1.

Various properties or uses of these spaces are collected in [2, 3, 9].
A nice setting for analysis in these weighted spaces, especially adapted to the

algebraic features of the situation, has been developped by O. Biquard in [3]. It relies
on some crucial properties of rank one symmetric spaces: they are simply connected,
negatively curved, hence diffeomorphic to Rn through the exponential map based at
any point (a choice of such a pole, denoted by ∗, will be made throughout this text),
and their isometry groups act transitively on their distance spheres. As a result, if
M = G/H is the symmetric space (with G the isometry group and H the isotropy
subgroup of ∗), a choice of any unit vector χ in T∗M makes it diffeomorphic (not
isometric) to the cone

(1.2) C (H/K) =
(
R∗

+ ×H/K
)
∪ {0}

where K is the stabilizer of the chosen unit vector (in our cases, K is respectively
equal to SO(n − 1), U(m − 1), Sp(p − 1) · Sp(1) or Spin(7)). This induces the
identification (1.2): any point in M \ {∗} can be written as [h] exp(sχ) in C (H/K)
where [h] is the class of an element h of H in H/K and s ≥ 0. Writing h = k ⊕ p
the symmetric decomposition, this in turn induces an identification on the level of
tangent spaces:

R× T[h]H/K = R× p −→ m = T[h] exp(sχ)G/H

(a, η) 7−→ aχ + sh(−s ad χ)η.
(1.3)

As an endomorphism of g, ad χ sends bijectively χ⊥ on p (from the definition of K)
and its square ad χ2 preserves χ⊥ and is symmetric for the Riemannian metric. Its
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eigenvalues will be denoted {λ2
i } (it is shown in [3] that their values are either 1 or

4 and the eigenspace for λ2
i = 4 is (dim K− 1)-dimensional).

If E = G ×ρ U is any homogeneous bundle on M given by a representation ρ of
H on the vector space U , the Peter-Weyl theorem applied to the homogeneous and
compact slices H/K shows that any section of E may be written as an infinite sum

(1.4)
∑

Fv⊗f (s) σv⊗f (h)

that runs over all irreducible representations (V, λ) of H, where each F. is a function
of the gesodesic distance s from ∗ and σv⊗f is the section of E attached to an element

(1.5) v ⊗ f ∈ V ⊗ HomK(V, U)

by the K-equivariant map from H to U

(1.6) σv⊗f (h) = f(λ(h−1)v).

The effect of the canonical connection on any such section reads

(1.7) ∇.(F (s)σv⊗f ) = F ′(s)ds⊗ σv⊗f + F (s)σv⊗Df

where Df is the K-equivariant map from V ⊗ (χ⊥) to U :
(1.8)

(v, ξ) 7−→ Df(v)(ξ) =
(
dρ(coth(−s ad χ)ξ) ◦ f − tdλ(sh(−s ad χ)−1ξ) (f)

)
(v).

This can be read on the tangent bundle of the sphere at distance s, via (1.3), as

η 7−→
(
dρ(ch(−s ad χ)η) ◦ f − tdλ(η) (f)

)
(v).

It is easily computed from the identification (1.3) and the previous formula (1.7)
that the rough Laplacian preserves each V ⊗HomK(V, U) factor and reads on any
preferred section

∇∗∇(F (s)σv⊗f ) = (−F ′′(s) + ∆s F ′(s)) σv⊗f + F (s) σv⊗Ξs(m,ρ,λ)f

where Ξs(m, ρ, λ)f is given by

−
∑
i

(
dρ(coth(−s ad χ)ξi) ◦ − tdλ(sh(−s ad χ)−1ξi)

)2
f,

the summation sign being understood as a sum over an orthonormal basis {ξi} for
the Riemannian metric of χ⊥ in m. At infinity, Ξs(m, ρ, λ) is asymptotic to the
(partial) Casimir-type operator

Ξ(K, ρ) : f 7−→ −
∑
i

(
dρ(λi(ad χ)−1ξi)

)2 ◦ f

with the same summation convention, the basis {ξi} being now taken as an orthonor-
mal eigenbasis of (ad χ)2. It may be rewritten as

f 7−→ −
∑
i

(dρ(ηi))
2 ◦ f
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summing on an orthonormal basis {ηi} of p for the appropriate multiple of the
Killing form of G. The partial Casimir operator may then be computed from the
classical Casimir operators C(., ρ) of the representation ρ for h and k as

Ξ(K, ρ) = C(h, ρ)− C(k, ρ).

Here the Casimir operators are computed on each Lie algebra with the scalar product
induced from the Riemannian metric of the symmetric space.

Since checking normalizations is certainly the messy part of the work, it is im-
portant to distinguish the metric-normalized Casimirs, as above, and the Killing-
normalized Casimirs, computed on an orthonormal basis for the classical Killing
form defined by (ξ, η) 7−→ tr(ad(ξ) ◦ ad(η)) on the corresponding Lie algebra.

Our main tool is then a general isomorphism result which reads:

1.1. Theorem ([3, 9]). Let L = ∇∗∇ + K : Ck,α
δ (E) −→ Ck−2,α

δ (E) be any Schrö-
dinger-type natural operator acting on sections of a homogeneous bundle E (issued
from a representation ρ) over the symmetric space KHn. Let Ξ(K, ρ) be the partial
Casimir operator of the representation ρ, κ be the endomorphism from which K is
induced and µ be the smallest eigenvalue of the linear operator Ξ(K, ρ) + κ on the
representation space of ρ. Then L is an isomorphism provided

H∞ −
√
H2
∞ + µ < δ < H∞ +

√
H2
∞ + µ.

2. The Ricci curvature operator

Let n0(K) and µ(K) be given by the following{
n0(K) = 10, 10, 8, 16,

µ(K) = −2(n− 1), −2(n + 2), −2(n + 12), −56,
if K is R, C, H or O.

This enables us to define δ±(K) = H∞ ±
√
H2
∞ + µ(K) which equal more precisely,

in the cases K = R, C, H or O:

n− 1

2
±
√

n2 − 10n + 9

2
,

n

2
±
√

n2 − 8n− 16

2
,

n + 2

2
±
√

n2 − 4n− 20

2
, 11±

√
65.

2.1. Theorem. Let n ≥ n0(K), k ≥ 3, α ∈]0, 1[ and δ−(K) < δ < δ+(K). Then

any symmetric bilinear form close enough in Ck,α
δ –topology to −u g0 is the Ricci

curvature of a unique metric close to the standard symmetric metric g0 on the space
KHn in the Ck,α

δ –topology.

2.2. Remark. Unfortunately we cannot deduce from this result that the operator
h 7−→ Ricg0+h−Ricg0 acting from Ck+2,α

δ to Ck,α
δ is an isomorphism in the neigh-

bourhood of the standard metric. This is due to the loss of two derivatives in the
resolution below. To remedy this, one may however notice that it is indeed an iso-
morphism if we restrict ourselves to the smooth metrics and Ricci curvatures, using
the family of Ck,α

δ -norms (k ∈ N) as a Fréchet structure.
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We shall prove our main result by using De Turck’s trick, i.e. by replacing the
Ricci curvature operator by the perturbed operator

Q(g, t) = Ricg − 1

u
(divg0)∗ (Bian(g, t)) − t

(recall u is the normalized Einstein constant of the model metric) obtained by adding
an extra term related to the Bianchi identity:

Bian(g, t) = −
(

divg t +
1

2
d (trg t)

)
.

De Turck’s trick has been widely used: it has the effect of removing the indetermi-
nacy in the Ricci operator coming from equivariance under the whole diffeomorphism
group. Our method of proof will now run along the following lines: we apply the
isomorphism result of the previous section to the differential of the perturbed Ricci
map at a standard metric in order to use the classical Implicit Function Theorem.
Then we prove that any solution (h, r) of a perturbed Ricci equation

0 = Q(g0 + h,−ug0 + r)

which is small enough is also a solution of the original equation

Ricg0+h = −ug0 + r.

We rely in the whole course of the proof on the analytic tools introduced in the
previous section as well as on a few facts already remarked in [6]. It will turn out
that the linearized operator is not an isomorphism in low dimensions. This has the
effect that our method breaks down in these cases.

An easy computation shows that the derivative in its first variable of the operator
Q is half the Lichnerowicz’ Laplacian

1

2
(∆g0

L h) = (D1Q)(g0,−ug0) · h =
1

2
(∆g0h + 2Θ(h)) ,

where the zeroth-order linear term is (g0 being the symmetric metric)

Θ = −
◦
R−u Id .

Applying our standard isomorphism result to the previous operator then gives:

2.3. Lemma. Let n ≥ n0(K). The Lichnerowicz’ Laplacian ∆g0
L : Ck,α

δ → Ck−2,α
δ is

an isomorphism between weighted spaces whenever δ−(K) < δ < δ+(K).

This result has been already stated in [6] for the case K = R, but our algebraic
method gives us here a better (and optimal) interval of weights where the isomor-
phism holds. The dimensional restriction comes from the fact that the quantity
under the square root can never be positive for n < n0(K). Indeed, the Lichnerow-
icz’ Laplacian never is an isomorphism in any weighted space in low dimensions.
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Proof. ¿From the machinery described above, we only have to compute the first
eigenvalue (denoted in the proof by µ(K)) of Ξ(K, S2T ∗M) + 2Θ and show that its
value in precisely the one announced for each case before Theorem 2.1. Notice first
that Θ acts as 0 on the pure trace part of symmetric tensors, so that the Lichnerowicz
Laplacian reduces here to the classical Laplacian on functions. Hence we are left
with computing the smallest eigenvalue of Ξ(K, S2

0T
∗M) + 2Θ. An easy first step is

to compute the curvature action for a symmetric space (see for instance [11]). We
will then study the four different cases of symmetric spaces.

2.4. Lemma.
◦
R acts on S2m as 1

2
C(h, S2m)−C(h, m), where Casimir operators are

computed with the metric normalization.

1) in the real case, we get for any h, Θ(h) = −nh0 with the superscript .0 denoting
the tracefree part of any symmetric tensor. The decomposition of the representation
S2

0m in irreducible components for k = so(n− 1) yields

Ξ(R, S2
0m) = Ξ(R, S2

0χ
⊥ ⊕ R⊕ χ⊥).

Our last task is to check normalizations. The Killing form BG on G = SO0(n, 1) is
(A, B) 7−→ (n − 1) tr(AB) and the standard Riemannian metric on m is 1

2(n−1)
BG.

The Killing forms BH of H = SO(n) and BK of K = SO(n− 1) are proportional to
the Killing form of G: any unit vector η in k for − 1

2(n−1)
BG is also unit for − 1

2(n−2)
BH

or for − 1
2(n−3)

BK . Finally, values of Casimir operators found e.g. in [8] yield that

µ(R) = −2(n− 1).
2) in the complex case, the Killing form of SU(m, 1) and the standard metric of

the corresponding symmetric space are:

BG(X, Y ) = 2(m + 1) tr(XY ), and g =
1

4(m + 1)
BG on m.

The difficulty lies here in the presence of the central parts u(1) in each factor h =
u(m) and k = u(m−1). If one chooses a (complex) orthonormal basis {e1, . . . , em+1}
of Cm+1, H is the isotropy group of the line generated by the last vector, so that a
typical element of its Lie algebra reads

(2.1)

(
Z 0
0 − tr Z

)
, Z ∈ u(m),

whereas a typical element of K, defined as the stabilizer of em (element of m), reads

(2.2)

 U 0 0
0 − 1

2
tr U 0

0 0 − 1
2
tr U

 , U ∈ u(m− 1).
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This enables us to identify the u(1) factors in each Lie algebra, as those being
generated respectively by

(2.3)

(
iI 0
0 − im

)
in h, and

 iI 0 0
0 − im−1

2
0

0 0 − im−1
2

 in k.

As a result, the formula for a partial Casimir operator for the representation ρ of H
on the tracefree symmetric powers of m can be rewritten as:

Ξ(C, S2
0m) = C(su(m), S2

0m) − 2

m(m + 1)
dρ

(
iI 0
0 − im

)2

− C(su(m− 1), S2
0m) +

4

m2 − 1
dρ

 iI 0 0
0 − im−1

2
0

0 0 − im−1
2

2

where in the previous formula, both Casimirs operators on the right-hand side are
to be computed with respect to the natural metric of the symmetric space. From
now on, it will be easier to work on complex representations rather than on real
ones. Hence we look at the tensor product(

S2
R,0R2m

)
⊗ C = S2

C,0(Cm ⊕ Cm)

where the bar denotes the complex conjugate representation and indication of the
field is intended as a reminder of the nature of the symmetrization involved. Splitting
this space under the action of H = U(m) gives birth to the following decomposition:

(2.4) S2
R,0R2m ⊗ C = S2

CCm ⊕ S2
CCm ⊕ End0(Cm)

The computation along Lemma 2.4 of the action of the curvature on symmetric
tensors then yields eigenvalue 4 for the first two factors and −2 for the last. Each
part of (2.4) splits again under the action of K = U(m− 1) in three parts as in the
following (archetypic) example:

S2
CCm = S2

CCm−1 ⊕ Cm−1 ⊕ C

(the two decompositions for S2
CCm and End0(Cm) being completely similar). It is

then easily computed (for instance from [8]) that the values of the above partial
Casimir operator on each factor are: 8, 2m + 13 and 4m + 12 for the three S2

CCm-
factors (we get necessarily the same values for the S2

CCm-factors) and 4, 2m+1 and
4m for the End0(Cm)-factors. We end up with µ(C) = −2(n + 2) .

3) in the quaternionic case, we follow the same method. The semisimple Lie algebra
g = sp(p, 1) is formed of quaternionic matrices

(2.5)

(
A v
v∗ q

)
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with v in H, q in sp(1) = Im H and A in sp(p), i.e. A∗ = −A. The isotropy Lie
algebra h = sp(p)⊕ sp(1), consists of elements with v = 0, whereas the stabilizer of
χ = (0, ..., 0, 1) has Lie algebra k = sp(p− 1)⊕ sp(1) consisting of elements of type

(2.6)

 U 0 0
0 q 0
0 0 q


with U in sp(p − 1) and q in Im H. The Lie algebra h = sp(p) ⊕ sp(1) acts on m
by the standard representation of the first factor and (minus the) multiplication by
the second factor on the right. The Killing form and natural symmetric metric of
Sp(p, 1) are

BG(X,Y ) = 4 (p + 2) trH(XY ) and g =
1

8(p + 2)
BG on m.

Once again it will be easier to work with complexified representations to make
symmetrization complex bilinear. The representation S2

R,0m⊗ C then splits as

S2
R,0m⊗ C = S2

CC2p ⊕ S2
CC2p ⊕ S2

CC2p ⊕ Λ2
C,0C2p,

with corresponding (normalized) Casimir operators for sp(p) equal to 8p + 8 for the
first three factors and 8p for the last. When splitting under the action of sp(1),
each of these factors contains copies of only two elementary factors: the trivial and
the symmetrized second power of the standard representation of sp(1), of respective
Casimirs 0 and 16. Putting these results together with Lemma 2.4 yields that the
operator C(h, S2

0m) + 2Θ always vanishes !
Branching rules [8, page 426] then yield the splittings for sp(p− 1):

S2
CC2p = S2

CC2p−2 ⊕ C2p−2 ⊕ C2p−2 ⊕ C⊕ C⊕ C ;

Λ2
C,0C2p = Λ2

C,0C2p−2 ⊕ C2p−2 ⊕ C2p−2 ⊕ C .
(2.7)

The corresponding (normalized) Casimirs are 8p (S2
CC2p−2), 8p− 8 (Λ2

C,0C2p−2) and

4p − 2 (C2p−2). To handle the case of the sp(1) inside k, we have to notice that
the normalization due to the metric is not the same as the previous one and also
that this factor doesn’t act on each quaternionic line H ' C2 in m by multiplication
on the right but as the sum of the adjoint action of sp(1) and of a trivial factor.
Straightforward computations show that all the sp(p− 1) factors above split under
this sp(1)-action into components taken from the following list: S4C2, S2C2 or the
trivial representation. Their respective (normalized) Casimirs are 24, 8 and 0. A
careful bookkeeping then yields µ(H) = −(8p + 24).

4) in the octonionic case, the group G is F−20
4 , the isotropy subgroups are H =

Spin(9) and K = Spin(7) where the latter is embedded in the former in a non-
standard way:

Spin(7)
j−→ Spin(8)

i−→ Spin(9)
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where i is the standard embedding but j is a twisted embedding [4, 7]. The standard
metric is g = 1/72 BG on m. By simplicity of h, BH = −cBG on h, where c is a
positive constant to be determined later. Moreover 7 BK = 5 BH (note that the
Killing form is insensitive to the triality automorphism) and the partial Casimir
operator finally reads

Ξ(O, S2
0m) =

36

7
c
(
C(spin(9), S2

0m)− C(spin(7), S2
0m)

)
where the Casimirs involved here are Killing-normalized. To compute the constant
c, we come back to the Lemma 2.4 above, which gives

◦
R|S2m =

36

7
c

(
1

2
C(spin(9), S2m)− C(spin(7), m)

)
and moreover we know that Θ acts trivially on the pure trace part. Hence

◦
R must

act as −36 Id on pure trace symmetric tensors which form a trivial factor in the
decomposition of S2m into spin(9) irreducible components. The output is c = 7/9
and

Ξ(O, S2
0m) = 4

(
C(spin(9), S2

0m)− C(spin(7), S2
0m)

)
.

It remains to split S2
0m into spin(9) or spin(7) irreducible components. The first

step comes from the structure of the symmetric space: m is the spin representation
of spin(9) [4, 7]. Since its dominant weight is minuscule, standard decomposition
rules may be used easily [11, page 81] and yield

S2m = R⊕ R9 ⊕ Λ4R9

and the respective Killing-normalized Casimir operators values for Spin(9) are 0, 8
and 20. We may already notice at this stage that the symmetrized curvature acts
on S2m (split in three components as above) diagonally, with respective eigenvalues
(−36,−20, 4).

Since Spin(7) is embedded in a twisted way in Spin(9), the standard representa-
tion is switched into the spin representation W and we have then to break

R⊕ (R⊕W )⊕ (Λ4W ⊕ Λ3W )

into pieces for Spin(7). Applying standard rules once more with a bit of patience
gives for the last two pieces (the only ones that are not already irreducible):

Λ4W = Λ3R7 ⊕ S2
0R7 ⊕ R7 ⊕ R, Λ3W = W ⊕ T

where the last T stands for the twistor representation or the highest weight part
in R7 ⊗ W (i.e. the one whose dominant weight is given, in standard notation,
by (3/2, 1/2, 1/2)). It is now straightforward to compute the Killing-normalized
Casimir operators for each part of the decomposition of S2m:
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Spin(9) components R R9 − Λ4R9 − − − − −
Casimir 0 8 8 20 20 20 20 20 20

Spin(7) components R R W R R7 W S2
0R7 Λ3R7 T

Casimir 0 0 21/4 0 6 21/4 14 12 49/4
Ξ(O, S2m) 0 32 11 80 56 59 24 32 31

Putting together these results and the action of
◦
R shows that the smallest eigenvalue

of Ξ(O, S2m) + 2Θ is µ(O) = −56 and the claims of the lemma follow. �

Our basic analytic lemma implies that for r small enough in Ck,α
δ , there exists a

unique h in Ck,α
δ (k ≥ 3), such that Q(g0 + h,−ug0 + r) = 0. We conclude from the

2.5. Lemma. Let n ≥ n0(K). Then any solution (h, r) of Q(g0 + h,−ug0 + r) = 0,
close enough to the zero pair, provides a solution of Ricg0+h = −ug0 + r.

Proof. Let g be g0 + h. Our main aim is here to prove that

Bian(g,−ug0 + r) = −
(

divg(−ug0 + r) +
1

2
d trg(−ug0 + r)

)
= 0.

Applying the Bianchi operator to the equation Q(g0 + h,−ug0 + r) = 0 yields

0 = −1

u
Bian(g, (divg0)∗ Bian(g,−ug0 + r))− Bian(g,−ug0 + r)

or, letting ω = Bian(g,−ug0 + r),

Bian(g, (divg0)∗ ω) = −uω.

Since

Bian(g0, (divg0)∗ ω) = −1

2
(∆g0ω + uω) ,

we finally get

∆g0ω − uω = 2 ( Bian(g, (divg0)∗ ω)− Bian(g0, (divg0)∗ ω) ) .

¿From the explicit expression of the Bianchi operator, we may estimate

||Bian(g, (divg0)∗ ω − Bian(g0, (divg0)∗ ω||1,α,δ
≤ C||∇g −∇g0||1,α,0 ||ω||2,α,δ ≤ C||g − g0||2,α,0 ||ω||2,α,δ

where the ||.||k,α,δ–norm denotes the weighted Hölder norm with (k, α) derivatives
and weight δ and C is a positive constant, independent of g and ω. Moreover, using
Theorem 1.1, it is easily computed that the the isomorphism interval of the operator
∆g0 − u contains ]δ−, δ+[ (as the smallest eigenvalue of Ξ(K, S2T ∗M)− u is always
greater than µ(K)). Hence,

||ω||2,α,δ ≤ C ||(∆g0 − u)ω||0,α,δ ≤ C ||g − g0||2,α,0 ||ω||2,α,δ = C ||h||2,α,0 ||ω||2,α,δ.
The Implicit Function Theorem used above shows that the function associating to
any small r in C2,α

δ an h in C2,α
δ solving Q(g0 +h,−ug0 +r) = 0 is continuous if δ lies
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in ]δ−, δ+[. This implies that for r small enough, h = g−g0 is small, too (δ-weighted
norm and hence 0-weighted norm bounded by 1/2C, say), and

||ω||2,α,δ ≤
1

2
||ω||2,α,δ

which implies immediately ω = 0. �

3. Some obstructions

We shall study in this section the optimality of the previous results. Given any
tensor r in Ck,α

δ , with δδ−, small enough, we have shown so far that there is a unique
deformation g0 + h of the standard metric such that

Ricg0+h = −ug0 + r.

Moreover, h belongs to the weighted space Ck,α
ε with ε = δ if δ < δ+ and δ− < ε < δ+

if not. At this point, it is natural to ask the two following questions

(i) if δ ≥ δ+, is this solution belonging to the weighted space Ck,α
δ , or at least,

can we hope to get a better control on it ?
(ii) what happens if the desired Ricci tensor differs from the standard one from a

quantity living in a weighted space whose weight is smaller than the critical
weight δ− ?

For question 1, we show below that there are deformations of the standard Ricci
tensor that are Ricci tensors of a unique metric close to the standard (hence given by
the previous result) but this metric differs however from the standard by a quantity
that does not belong to any weighted space of large weight (bigger than the critical
δ+(K)).

About question 2, much less is known. It is unclear whether there may be a way
to deform the standard metric to achieve a Ricci tensor close to the model but living
in low weights weighted spaces. We shall however give some hints on the problem
in the next section.

3.1. Rapidly decaying Ricci tensors. For sake of simplicity, we shall here work
out the case of the real hyperbolic space only. Similar arguments (but with much
more intricate computations) can be used to get all other symmetric spaces.

3.1. Proposition. Let n ≥ 10. There exists δδ+(R) and a symmetric bilinear form

r in Ck,α
δ such that −ug0 + r is the Ricci curvature of no metric g = g0 + h close to

the standard on RHn such that h lives in Ck,α
ε with εδ+(R).

Proof. The basic intuition is that the differential at the standard structure of Q
leads in a rather strong way the behaviour of the full equation. For any pair (h, r),
small in a weighted manner, write

Q(g0 + h,−ug0 + r) = Q(g0,−ug0)

+ (D1Q)(g0,−ug0) · h + (D2Q)(g0,−ug0) · r + G(h, r)
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where the last term is second-order, i.e. for any weight t and (h, r) small,

||G(h, r)||k−2,α,2t ≤ C (||h||k,α,t + ||r||k,α,t)2 .

Hence

Q(g0 + h,−ug0 + r) − 1

2
(∆g0h + 2Θ(h))

=
1

u
(divg0)∗

(
divg0 r +

1

2
d trg0 r

)
− r + G(h, r).

(3.1)

Apply the last formula to any r in Ck,α
δ and to h the solution in Ck,α

t of the equation
Ricg0+h = −ug0 + r given by the previous section: we end with

1

2
(∆g0h + 2Θ(h)) = r − 1

u
(divg0)∗

(
divg0 r +

1

2
d trg0 r

)
−G(h, r).

We now specialize to an r of the form ηfg0, with η a small positive number and f
a smooth function on M , so that

∆g0h + 2Θ(h) = 2η fg0 − n− 2

n− 1
η Hess f + 2 G(h, η fg0)

Keeping only the trace-free part of that formula and expanding in powers of η then
yields

(3.2) ∆g0h0 − 2n h0 = − n− 2

n− 1
η Hess0 f + η2 Γ(h, η, fg0).

We now study the linear part of the right hand side of the previous equation and
algebra enters the picture: we consider the function f , seen as a section of the triv-
ial bundle written in the convention (1.4–1.6), defined by f = F (s) σw⊗ϕ where
w is an arbitrary non-zero element of S2

0m and ϕ is the partial trace on χ⊥ of el-
ements of S2

0m, i.e. the projection of S2
0m on its unique trivial irreducible factor

under SO(n − 1). Hence w ⊗ ϕ belongs to S2
0m ⊗ HomSO(n−1)(S2

0m, R) and f is a
non-zero section of the trivial bundle, i.e a function. A lengthy but direct compu-
tation using formulas (1.7–1.8) shows that the tracefree Hessian Hess0 f of f is a
finite sum of functions of the geodesic distance times elementary tensor products in
S2

0m ⊗ HomSO(n−1)(S2
0m, S2

0m). Moreover there is a non-trivial component in this
sum associated to the tensor product

w ⊗ IdS2
0χ
⊥ , w ∈ S2

0m

and this component is a part of F (s) σw⊗DDϕ. We can then conclude

(3.3) ∆g0h0 − 2n h0 = η
(

const. F (s)× σw⊗ Id
S2
0χ⊥

+ ...
)

+ η2 Γ(h, η, fg0).

We now turn to the left hand side of (3.2). We already remarked that the rough
Laplacian on tracefree symmetric tensors respects in general the decomposition of
each section in V ⊗ HomK(V, U) components. An even more nice feature of it is
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that it even respects the splitting of S2
0m ⊗ HomSO(n−1)(S2

0m, S2
0m) into the three

components
S2

0m⊗ IdS2
0χ
⊥ , S2

0m⊗ Idχ⊥ , and S2
0m⊗ IdR .

As a simple calculation shows, the rough Laplacian acts on a single elementary
section Φ(s)σv⊗ψ belonging to one of these components as

− ∂2
s − (n− 1)

ch s

sh s
∂s + Ξ(R, ·)

(
ch s

sh s
− 1

sh s

)2

where the dot in Ξ(R, ·) stands for the SO(n − 1)-representation involved: R, χ⊥

or S2
0χ

⊥. We now have reduced our previous formula (3.3) to a family of ordinary
differential equations and the most worrying among these equations (i.e. the one
for which the range of invertibility is the smallest) is the one associated to the
S2

0m ⊗ IdS2
0χ
⊥ component, as we already knew from the philosophy of the previous

section. The linear part of this very equation is of the type:

(3.4)

(
− ∂2

s − (n− 1)
ch s

sh s
∂s + 2

(
ch s

sh s
− 1

sh s

)2

− 2n

)
Φ(s) = F (s)

and it is an easy exercise of ordinary differential equations to show that there are
choices of F such that the solution Φ has a decay no better that δ+(R) : this can be
shown for instance as in [5, 6] by coming back to the ball model of the hyperbolic
space where the ordinary differential equation above can be written with polynomial
coefficients in the squared radius. Coming back to (3.3), this shows that for such a
choice of F , the component of h0 in S2

0m ⊗ IdS2
0χ
⊥ is the sum of the solution Φ of

the linear equation (3.4) for such an F with coefficient η and a correction term with
coefficient η2 in front of it. Judicious choice of η implies that h cannot live in the
desired weighted space. �

3.2. Infinitesimal obstructions for bounded Ricci tensors. We have seen in
section 2 that we can solve the Ricci equation in spaces Ck,α

δ with 0 < δ−(K) < δ <
δ+(K). We shall study here what happens for the weight δ = 0 (where conformal
infinity may change) on the real hyperbolic space (K = R). In this setting, we show
that, for any dimension, there exist some forbidden directions in which differentiable
deformations cannot exist.

We define for a symmetric bilinear form split in pure trace and tracefree parts
r = r0 + fg0:

L(r) = trg0(r) +
1

n− 1
trg0 ((divg0)∗ Bian(g0, r))

= nf +
n− 2

2(n− 1)
∆f +

1

n− 1
divg0 divg0 r0.

(3.5)

3.2. Theorem. Let r ∈ C0
0 ∩ C2 satisfying

(3.6) L(r) ≤ C < 0 or L(r) ≥ C > 0
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on RHn, where C is a constant. Then there is no map t 7−→ h(t) ∈ C0
0 ∩C2 defined

in a neighborhood of t = 0, vanishing at t = 0, differentiable at t = 0 and satisfying

Ric(g0 + h(t)) = −ug0 + t r.

Proof. Assume the opposite: Q(g0 + h(t),−ug0 + tr) = 0 vanishes for small t. Dif-
ferentiating at t = 0 gives

1

2

(
(∆g0h̄) g0 + (∆g0 − 2n) h0

)
= r +

1

n− 1
(divg0)∗ Bian(g0, r),

where we set dh(t)
dt
|t=0 = h̄g0 + h0 across the splitting S2T ∗M = Rg0 ⊕ S2

0T
∗M .

Taking traces and applying (3.6) we obtain:

n

2
∆h̄ = L(r) ≤ C < 0 (or ≥ C > 0).

We conclude by a standard use of the generalized maximum principle (see e.g. [9, p.
211]): since h̄ is bounded, there exists a sequence {xk}k∈N such that lim inf ∆h̄(xk)
is nonnegative (resp. nonpositive) and this contradicts the previous formula. �

3.3. Example. Let f be the solution of the Dirichlet problem (see e.g. [1]){
∆f = 0 in RHn

f = g at infinity, where g is a smooth never-vanishing function

Then f is smooth on RHn and never vanishes by the maximum principle. The
tensor r = fg0 satisfies conditions of Theorem 3.2.

3.4. Example. Let ρ(x) = 1/2(1− |x|2) (where |x| is the euclidean radius of the unit
ball of Rn, seen here as a function on RHn) and define a = ln ρ. The function a is

not in C0,α
0 but ∇a is in Ck,α

0 for each k, α. The tensor r = ∇∇a + 1
n
(∆a)g0 is then

in Ck,α
0 and we have

divg0 divg0 r0 =
n− 1

n
(∆g0∆g0a + n ∆g0a).

On the other hand, ∆g0a = (2− n)ρ + (n− 1), thus

∆g0∆g0a = (2− n)
(
(4− n)ρ2 + (n− 2)ρ

)
.

Recall that ρ maps the ball into ]0, 1
2
]; we then conclude that

divg0 divg0 r0 =
n− 1

n

(
(n− 2)(n− 4)ρ2 − (n− 2)(2n− 2)ρ + n(n− 1)

)
≥ C > 0.

It then exists some quite different forbidden directions in the space of Ricci ten-
sors. This shows at least that the non-compact situation is quite different from the
compact one studied for instance by Hamilton [10].
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4. A glimpse on the full Riemann tensor

In this section, we deduce from Theorem 2.1 that the image of the Riemann-
Christoffel operator is a submanifold in a neighbourhood of the standard metric. Our
basic reference here is the first author’s work [6] where a more detailed presentation
of the argument can be found for the case of the real hyperbolic space.

Let us consider R the space of curvature-like tensors, i.e. the subspace of the 3-
covariant and 1-contravariant tensor fields whose elements have the same algebraic
symmetries as a curvature tensor. To remedy the loss of regularity met in the
previous sections, we restrict ourselves to the smooth category and we define, for
δ ∈ R, the space C∞

δ of sections of a vector bundle as the intersection of all Ck,α
δ for

all k∈N (α fixed in ]0, 1[). The family of norms {||.||Ck
δ
}k∈N turns it into a Fréchet

space. We now define some smooth maps in a neighbourhood of zero:

r̃(.) = Ricg0+.−Ricg0 : C∞
δ (KHn, S2T ∗M) −→ C∞

δ (KHn, S2T ∗M),

and g̃(.) : C∞
δ (KHn, S2T ∗M) −→ C∞

δ (KHn, S2T ∗M),

g̃(r) being the solution of Theorem 2.1 satistfying Ricg0+g̃(r) = Ricg0 +r and

R̃(.) = Riemg0+.−Riemg0 : C∞
δ (KHm, S2T ∗M) −→ C∞

δ (KHn,R).

We also define the linear map T (trace) from C∞
δ (KHm,R) to C∞

δ (KHm,S2T ∗M)
which sends any τ ijkl onto the symmetric bilinear form τ ijil. The trivial identities

T ◦R̃ = r̃ and g̃ ◦ r̃ = r̃ ◦ g̃ = IdC∞δ yield first

4.1. Lemma. Let n ≥ n0(K) and let δ be a real number in ]δ−(K), δ+(K)[. We have

C∞
δ (KHm,R) = Im DR̃(0) ⊕ Ker T .

4.2. Theorem. Let n ≥ n0(K) and let δ be a real number in ]δ−(K), δ+(K)[. Then

Im R̃ is a submanifold of C∞
δ (KHm,R), which is the graph of the map from Im DR̃(0)

to Ker T defined by Ψ 7−→ (R̃ ◦ g̃ ◦ T )Ψ−Ψ.

Proof. Let us consider the map Φ from C∞
δ (KHm,R) to itself, smooth in a neigh-

bourhood of zero:

Φ : τ 7−→
(
DR̃(0) ◦Dg̃(0) ◦ T

)
(τ) + τ − (R̃ ◦ g̃ ◦ T )(τ)

We note that T (Φ(τ)) = T (τ). Then Φ is invertible, with smooth inverse:

Φ−1 : τ 7−→ τ −
(
DR̃(0) ◦Dg̃(0) ◦ T

)
(τ) + R̃ ◦ g̃ ◦ T (τ)

On the other hand, Φ(Im R̃) = Im DR̃(0) in a neighbourhood of zero. �
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